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Abstract
A d-basis for a lattice-ordered algebra is a vector lattice basis in which each element is a d-element. In
this paper we study the structures of lattice-ordered algebras with a d-basis.
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1. Introduction
M. Henriksen posed the following problem in [5, Problem 4].
“Develop a structure theory for a class of lattice-ordered rings that include semigroup al-
gebras over R ordered as follows. If S is a multiplicative semigroup, s1, s2, . . . , sn ∈ S and
a1, a2, . . . , an ∈ R, let ∑aisi  0 if ai  0 for 1 i  n. Do this at least for a class of semi-
proups large enough to include {1, x, . . . , xn, . . .} and the semigroup of unit of matrices {Eij }
(where Eij has a 1 in row i and column j , and zeros elsewhere for 1 i  n and 1 j  n).”
The purpose of the present paper is to introduce a class of lattice-ordered algebras (-algebras)
that include matrix algebras and polynomial algebras, with the lattice order defined above, as
well as other well-known examples in lattice-ordered rings (-rings). We consider the structure
for this class of -algebras. The -algebras under study are those with a d-basis that is a basis for
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some basic properties and examples of such -algebras. In Section 3 we consider the structure of
such -algebras in which the identity element is basic. The Sections 4 and 5 are devoted to the
commutative case and to the -reduced case, respectively.
We first review some definitions and results in -rings. The reader is referred to G. Birkhoff [2]
for the general theory of lattices, and G. Birkhoff and R.S. Pierce [3] and A. Bigard, K. Keimel,
and S. Wolfenstein [1] for the general theory of -rings. Throughout this paper F always denotes
a totally ordered subfield of the totally ordered field R of real numbers.
Let R be an -ring. The positive cone of R is defined as R+ = {r ∈ R | r  0}. The elements in
R+ are called positive. A nonzero element a in R+ is called strictly positive, denoted by a > 0.
If x ∈ R, then the positive part, negative part, and absolute value of x is defined as x+ = x ∨ 0,
x− = −x ∨ 0, and |x| = x ∨−x, respectively. An -algebra A over F is an -ring and an algebra
over F such that F+A+ ⊆ A+. An -algebra is called unital if it has an identity element, and
called -unital if the identity element is positive. An -ring is called an -domain if a > 0 and
b > 0 imply ab > 0, and an -ring is called -reduced if it does not contain nonzero positive
nilpotent elements. An element a in an -ring is called basic if a > 0 and, for any b, c  0,
a  b, c  0 implies that b and c are comparable, that is, b  c or c  b. Two elements x, y in
an -ring are called disjoint if x, y  0 and x ∧ y = 0. A set {xi | i ∈ I } in an -ring is called
disjoint if each xi > 0 and any two different elements in the set are disjoint. It is well known
that a disjoint set in an -algebra is a linearly independent set. An element e in an -ring R is
called an f-element of R if b ∧ c = 0 implies eb ∧ c = be ∧ c = 0 and e is called a d-element
of R if b ∧ c = 0 implies eb ∧ ec = be ∧ ce = 0 for all b, c ∈ R. A subset S of an -ring is
called convex if 0 r  s and s ∈ S imply r ∈ S. An -ideal of an -algebra is a ring ideal and
a linear subspace which is also a convex sublattice. An -algebra A is called -simple if 0 and A
are the only -ideals of A, and A is called -semisimple if the intersection of all of its maximal
-ideals is zero. Let A be an -algebra and M1, . . . ,Mk be convex vector sublattices of A. Then
M1 ⊕· · ·⊕Mk denotes the direct sum of M1, . . . ,Mk as vector lattices. Let I1, . . . , Ik be -ideals
of A. Then I1 ⊕ · · · ⊕ Ik coincide with the direct sum of I1, . . . , Ik as -ideals.
Let A be an -algebra over F and let EF (A) be the algebra over F of all the endomorphisms of
the vector space A over F . Define the positive cone EF (A)+ = {θ ∈ EF (A) | A+θ ⊆ A+}. Then
(EF (A),EF (A)
+) becomes a partially ordered algebra (po-algebra) over F . For each a ∈ A,
define θa ∈ EF (A) by xθa = xa for each x ∈ A. Then the correspondence a → θa is called the
right regular representation of A as an algebra. The right regular representation is called an
-representation if for each a, b ∈ A,
θa∨b = θa ∨ θb and θa∧b = θa ∧ θb.
The left regular representation of A could be defined similarly. An -algebra is called regular if
its left and right regular representations are both -representations. The reader is referred to [2,3]
for more information on regular -rings.
2. Basic properties and examples
In this section we give some basic properties and examples of unital -algebras with a d-basis.
Definition 2.1. Let A be an -algebra over F . A nonempty subset S of A is called a d-basis if
the following three conditions are satisfied:
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(2) S spans A as a vector space over F ;
(3) each element in S is a d-element.
Remark 2.2. The first two conditions in Definition 2.1 state that S is a basis for the vector lattice
A over F in the sense that S is a basis for the vector space A over F and for
∑
aisi ∈ A, where
ai ∈ F , si ∈ S, ∑aisi  0 if and only if each ai  0.
The third condition in the definition states that the multiplication by elements in S is distribu-
tive over the lattice operations in A. Certainly this does not imply that the multiplication in A is
distributive over the lattice operations in A.
Clearly, each element in a d-basis is basic. Our first result shows that if an -algebra has a
d-basis then it is a regular -algebra.
Theorem 2.3. Let A be an -algebra over F with a d-basis. Then A is regular.
Proof. Let D = {di | i ∈ I } be a d-basis of A over F , and let a → θa be the right regular repre-
sentation of A, where θa ∈ EF (A) defined by xθa = xa for each x ∈ A. Suppose a ∧ b = 0 for
a, b ∈ A. We show that θa ∧ θb = 0 in EF (A). Let θ ∈ EF (A) with 0 θ  θa and 0 θ  θb .
Then for each di ∈ D,
0 diθ  diθa = dia and 0 diθ  diθb = dib.
Then, since di is an d-element,
0 diθ  dia ∧ dib = di(a ∧ b) = 0.
Thus diθ = 0 for each di ∈ D. Therefore, θ = 0 since each element in A is a linear combination
of elements in D. Hence θa ∧ θb = 0. Similarly, the left regular representation of A is also an
-representation. 
A regular -algebra may not have a d-basis. For example, a totally ordered algebra has a d-
basis if and only if it is one-dimensional as a vector space. Therefore, as a totally ordered subfield
of R, Q(
√
2) has no d-basis as an -algebra over the field Q of rational numbers. However, it
has been shown in [10, Theorem 3.3] that if A is a finite-dimensional -algebra with a basis as a
vector lattice over F , then A is regular if and only if A has a d-basis.
Let A be an -algebra with a d-basis. If I is an -ideal of A, then the quotient -algebra A/I
also has a d-basis. However, an -subalgebra of A may not have a d-basis [3, p. 55]. Moreover,
if A has an identity element 1, then 1 > 0 [3, p. 54].
Now we provide some examples of -algebras with a d-basis.
Example 2.4. Let Mn(F) be the n × n (n  2) matrix algebra over F . Define the positive
cone of Mn(F) as Mn(F+). Then Mn(F) becomes an -algebra over F with a d-basis {Eij |
1  i, j  n}, where Eij are standard matrix units. Similarly, let Tn(F ) be the n × n (n  2)
upper triangular matrix algebra over F . Then (Tn(F ),Tn(F+)) is an -algebra having a d-basis.
For the rest of the paper, Mn(F), Tn(F ) always denote the -algebras with the positive cone
Mn(F
+), Tn(F+), respectively.
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gi ∈ G, if all αi  0. Then F [G] is an -algebra with G as a d-basis. Moreover, let S be a
semigroup satisfying cancellation, that is, for s, r, t ∈ S, if sr = st or rs = ts then r = t . Then,
using the similar lattice order defined above in F [G], the semigroup algebra F [S] becomes an -
algebra over F with S as a d-basis. Especially, polynomial rings over F in one or more variables
with the lattice order defined above are -algebras with a d-basis. In the following, F [G], F [S]
always denote the -algebras as above.
Let F [[x]] be the ring of formal power series. Define
F [[x]]+ =
{∑
i0
αix
i ∈ F [[x]]
∣∣∣ αi  0
}
.
Then F [[x]] is an -algebra over F . We claim that F [[x]] does not have a d-basis. In fact, let
0 < a =∑i0 αixi ∈ F [[x]] be a d-element, where 0 αi ∈ F . We claim that only one αi > 0.
Suppose that αi > 0 and αj > 0. From αixi ∧αjxj = 0, we have aαixi ∧aαjxj = 0. Thus, since
αix
i  a and αjxj  a, we have αjxjαixi ∧ αixiαjxj = αiαjxixj = 0. Therefore, αiαj = 0,
a contradiction. Hence each d-element in F [[x]] is in the form of αixi for some 0 αi ∈ F and
i  0. But the set {xn | n 0} does not span F [[x]] as a vector space over F .
Example 2.6. Let 0 < a ∈ F . Suppose that polynomial xn − a is irreducible over F and suppose
0 < b = n√a ∈ R. Let K = F(b) be the field extension of F . Then
K = {α0 + α1b + · · · + αn−1bn−1 | each αi ∈ F}.
Now define
K+ = {α0 + α1b + · · · + αn−1bn−1 | each αi ∈ F+}.
Then K becomes an -algebra. Since bn = a > 0, b is a d-element in K [16, Lemma 1], and
hence {1, b, . . . , bn−1} is a d-basis for the -algebra K over F .
Let F((x)) be the field of all formal Laurent series
∑∞
k=−m αkxk , ordered by letting its positive
cone be all such series in which αk  0 for all k. By an argument similar to that for F [[x]] in
Example 2.5, F((x)) does not have a d-basis as an -algebra over F .
Examples 2.5 and 2.6 are special cases of lattice-ordered twisted group algebras as shown
below. The reader is referred to [14] for more information on twisted group rings.
Let G be a group. A function t :G × G → F \ {0} is called a positive twisting function if it
satisfies the following conditions, for all g,h,f ∈ G,
(1) t (g,h) > 0,
(2) t (gh,f )t (g,h) = t (g,hf )t (h,f ),
(3) t (g, e) = t (e, g) = 1, where e is the identity element of G.
If G is an abelian group, then t also satisfies the condition that t (g,h) = t (h, g), for all g,h ∈ G.
Now we define
F t [G] =
{∑
αigi
∣∣ αi ∈ F, gi ∈ G
}
.
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a vector lattice over F . Define a multiplication ∗ between elements in G as follows:
g ∗ h = t (g,h)(gh), for all g,h ∈ G.
Then extend this multiplication to elements in F t [G].
It is straightforward to check that ∗ is associative by condition (2), e is the identity element for
∗ by condition (3), and the product of two positive elements is again positive by condition (1).
The distributive property of ∗ over the addition in F t [G] is clear. Therefore, F t [G] becomes
a unital -algebra over F in which G is a d-basis. If G is abelian then F t [G] is commutative
since in this case we also have that t (g,h) = t (h, g) for any two g,h ∈ G. In the following,
F t [G] always denotes the -algebra with the lattice order defined above. We summarize the
above discussion into the following result.
Theorem 2.7. Let G be a (abelian) group, and let t be a positive twisting function as above. Then
F t [G] is a unital (commutative) -algebra over F with G as a d-basis.
Remark 2.8. F t [G] is also used in [13,15] to construct lattice-ordered division rings and -fields,
where t is called a factor set.
Certainly if each t (g,h) = 1, then F t [G] = F [G]. Let G = 〈g〉 = {e, g, . . . , gn−1} be a cyclic
group of order n and xn −a ∈ F [x] be irreducible over F . Define t :G×G → F \{0} as follows.
For 0 r, s  n,
t
(
gr , gs
)=
{1, if r + s < n,
a, if r + s  n.
Then F t [G] is isomorphic to the -field in Example 2.6.
Next we construct all 2-dimensional and 3-dimensional unital -algebras with a d-basis.
Example 2.9. Let A be a unital -algebra with a d-basis D containing two elements.
(1) If 1 is not basic, then A is a 2-dimensional f-algebra. Thus A ∼= Fe⊕Ff , where 1 = e+f ,
ef = f e = 0, and e2 = e, f 2 = f .
(2) If 1 is basic, then we may assume that 1 ∈ D. Let 1 and 0 < a ∈ A form a d-basis for A.
Then a2 = α1+βa for some α,β ∈ F+. Since 1∧a = 0 implies a∧a2 = 0. We must have
β = 0. Thus a2 = α1 with α  0.
(2a) If α = 0, then A = F1 ⊕ Fa with a2 = 0.
Now suppose α > 0.
(2b) If √α ∈ F , let b = (√α)−1a. Then b2 = 1 and A = F1 ⊕Fb ∼= F [G], where G is a cyclic
group of order 2.
(2c) If √α /∈ F , let √α = b ∈ R. Then A = F1 ⊕ Fa ∼= F(b), where F(b) is the -field in
Example 2.6.
Example 2.10. Let A be a unital -algebra with a d-basis D containing three elements. Then
A is isomorphic to one of the following -algebras over F . We omit the detail and leave the
verification to the reader.
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(2) T2(F ), where T2(F ) is the 2 × 2 upper triangular matrix -algebra.
(3) Fe ⊕ Ff ⊕ Fa with 1 = e + f , f a = af = a and a2 = 0.
(4) F ⊕ F [G], where G is a cyclic group of order 2.
(5) F ⊕ F(b), where 0 < b ∈ R \ F , b2 ∈ F , and F(b) is the -field in Example 2.6.
(6) F1 ⊕ Fa ⊕ Fb, where a2 = b2 = ab = ba = 0.
(7) F1 ⊕ Fa ⊕ Fa2, where a3 = 0.
(8) F [G], where G is a cyclic group of order 3.
(9) -field F(b), where 0 < b ∈ R \ F and b3 ∈ F .
We end this section by recalling some properties of a d-basis. Let A be a unital -algebra with
a d-basis D. Since 1 > 0, 1 = α1e1 + · · · + αkek , where 0 < αi ∈ F , ei ∈ D, for i = 1, . . . , k.
Replacing ei by αiei , we may assume that each αi = 1. Thus 1 = e1 + · · · + ek . Then each ei is
an f-element since 0 ei  1 and 1 is an f-element. Hence each ei is an idempotent element and
eiej = 0 for i = j , 1  i, j  k, since ei ∧ ej = 0. For each i = 1, . . . , k, define Ri = {e ∈ D |
eei = e} and Li = {e ∈ D | eie = e}. The following properties were proved in [10, Lemma 3.5].
We restate them here for easy reference later.
Lemma 2.11.
(1) D = R1 ∪ · · · ∪Rk = L1 ∪ · · · ∪Lk and Ri ∩Rj = ∅, Li ∩Lj = ∅ for i = j,1 i, j  k.
(2) For each element e ∈ Rj (or Lj ), 1 j  k:
(i) e is nilpotent; or
(ii) there exists a positive integer n such that en = αej for some 0 < α ∈ F ; or
(iii) the set {em | m 0} is a disjoint set, where e0 = 1.
Remark 2.12. Let e ∈ Ri or Li . If there exist a positive integer n and 0 < α ∈ F such that
en = αei , then ne denotes the smallest positive integer with this property, and ene = αeei for
some 0 < αe ∈ F .
The following simple result will be often used later in proofs.
Lemma 2.13. Let A be a unital -algebra with a d-basis D, and let a, b ∈ D. If one of a, b is a
unit, then ab is also basic.
Proof. Suppose that a is a unit. Since a is a d-element, a−1 > 0 [16, Lemma 1]. Let
0  x, y  ab. Then 0  a−1x, a−1y  b. Since b is basic, a−1x and a−1y are comparable.
Multiplying by a, we see that x and y are comparable. Thus ab is basic. 
3. Unital -algebras with a d-basis in which 1 is basic
Let A be an -unital -algebra over F in which 1 is a basic element. Then A has exactly one
maximal -ideal and exactly one maximal left (right) -ideal [9, Lemma 3]. The following result
characterizes this maximal -ideal of A in case A has a d-basis over F .
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be the unique maximal -ideal of A. Then M = {0} if each element in D is a unit of A; otherwise
M =
{
a ∈ A ∣∣ a =∑αixi, αi ∈ F, xi ∈ D and xi is not a unit
}
.
Moreover, M is the unique maximal left (right) -ideal of A.
Proof. The first assertion is clear. Suppose that D contains at least one element which is not a
unit. Let
J =
{
a ∈ A ∣∣ a =∑αixi, αi ∈ F, xi ∈ D and xi is not a unit
}
.
We show first that J is an -ideal. Clearly J is a convex vector sublattice of A over F . Now
let x, y ∈ D such that x is not a unit. We show that xy ∈ J . We may assume that xy = 0. Then
xy =∑βiyi , where yi ∈ D and 0 < βi ∈ F . We show each yi is not a unit of A. Suppose that yj
is a unit for some j . Since yj is a d-element, y−1j > 0 and y
−1
j is also a d-element [16, Lemma 1].
Thus xyy−1j is a d-element since each of them is a d-element. Now consider any term βiyiy
−1
j ,
i = j , in sum xyy−1j =
∑
βiyiy
−1
j . Since 0  βiyiy
−1
j + βj1  xyy−1j , βiyiy−1j + βj1 is a
d-element. From βiyi ∧ βjyj = 0 and that y−1j is a d-element, we obtain βiyiy−1j ∧ βj1 = 0.
Therefore,
βiβjyiy
−1
j = (βj1)
(
βiyiy
−1
j
)∧ (βiyiy−1j )(βj1)

(
βiyiy
−1
j + βj1
)
βiyiy
−1
j ∧
(
βiyiy
−1
j + βj1
)
βj1
= 0.
Hence βiβjyiy−1j = 0, so βiβj = 0. Since βj = 0, βi = 0 for each i = j . So xy = βjyj . Let
w = β−1j yy−1j . Then xw = 1. Then (wx)2 = wx. If wx ∧ 1 = 0, then, since wx is a d-element,
(wx)2 ∧ wx = 0, and hence wx = 0, a contradiction. Therefore, wx = α1 + ∑αizi , where
0 < α ∈ F , 0  αi ∈ F and zi ∈ D. By a similar argument as above, we must have wx = α1.
Thus α = 1, so wx = 1. Thus, we have xw = wx = 1, that is, x is a unit, which is a contradiction.
Hence, in the sum xy =∑βiyi , each yi is not a unit, so xy ∈ J . Similarly, yx ∈ J . Thus J is
an -ideal of A. Now let I be an -ideal of A properly containing J . Let 0 < a ∈ I \ J . Then a
is a linear combination of elements d1, . . . , dr in D. Since a /∈ J , at least one of d1, . . . , dr is a
unit. Since this unit element must be in I , we have I = A. Hence J is a maximal -ideal of A, so
M = J .
Let N be a left -ideal of A and M ⊆ N . Suppose that M = N . Let ∑αixi ∈ N \ M , where
0 = αi ∈ F and xi ∈ D. Then at least one xj in this sum is a unit. Since
|αj |xj 
∑
|αi |xi ∈ N,
|αj |xj ∈ N , so 1 ∈ N , and hence N = A. Therefore M is a maximal left -ideal of A. Since A
only contains one maximal left -ideal, M is the unique maximal left -ideal. 
Let us consider some examples. Let F [x] be the polynomial -algebra over F as in Exam-
ple 2.5. Then D = {xn | n 0} is a d-basis for F [x] and xn, n 1, are all elements in D which
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algebra of Z as in Example 2.5. Then its maximal -ideal is zero. More generally, if F t [G] is
the twisted group -algebra of a group G as in Theorem 2.7, then, by Lemma 3.1, its maximal
-ideal is zero, that is, F t [G] is -simple.
Let A be a unital -algebra over F with a d-basis D in which 1 is basic. Suppose that a, b ∈ D
both are units. Then ab is basic by Lemma 2.13, so ab = βc for some 0 < β ∈ F and c ∈ D.
Thus c is also a unit. Define
H =
{
a ∈ A ∣∣ a =∑βizi, βi ∈ F, zi ∈ D is a unit
}
.
Then H is a convex -subalgebra of A from the above argument. Now we have the following
characterization for a unital -algebra with a d-basis in which 1 is basic.
Theorem 3.2. Let A be a unital -algebra with a d-basis D. Suppose that 1 is basic. Then
A = M ⊕ H as a vector lattice, where M is the unique maximal -ideal of A which is spanned
by nonunits in D as a vector space over F , and H is the convex -subalgebra of A which is
spanned by units in D as a vector space over F .
Let A be a unital -algebra over F with a d-basis. In some cases, A can be expressed as a
direct sum of unital -algebras with a d-basis in which the identity element is basic. Two special
and important cases are stated in the following result.
Lemma 3.3. Let A be a unital -algebra over F with a d-basis. If A is commutative or -reduced,
then there exist -ideals I1, . . . , Ik such that A = I1 ⊕ · · · ⊕ Ik and each Ii is a unital -algebra
over F with a d-basis and the identity element of Ii is a basic element of Ii .
Proof. Let D be a d-basis of A and 1 = e1 + · · · + ek , where e1, . . . , ek ∈ D. For each i =
1, . . . , k, let Ri = {e ∈ D | eei = e}. We claim that Ri = {e ∈ D | eei = eie = e}. This is clear
when A is commutative. Now suppose that A is -reduced. Let e ∈ Ri . If eie = 0, then ej e = e
for some i = j . Thus, since eiej = 0, e2 = eeiej e = 0, which contradicts that A is -reduced.
Therefore eie = e.
For each i = 1, . . . , k, let
Ii =
{
a ∈ A ∣∣ a =∑αjxj , αj ∈ F, xj ∈ Ri
}
.
By a similar proof of [10, Theorem 3.8], each Ii is an -ideal of A and A = I1 ⊕ · · · ⊕ Ik . Now
each Ii is a unital -algebra over F with a d-basis Ri . The identity element ei of Ii is basic. 
In next two sections we will consider the structures of unital -algebras over F with a d-basis
which are either commutative or -reduced.
4. Commutative -algebras with a d-basis
In this section, we consider unital commutative -algebras over F with a d-basis. Recall that
the -radical of an -algebra A is N(A) = {a ∈ A | |a| is nilpotent} [3]. The following result is
clear, so we omit its proof.
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no nilpotent element, then N(A) = {0}; otherwise
N(A) =
{
a ∈ A ∣∣ a =∑αixi, αi ∈ F, xi ∈ D and xi is nilpotent
}
.
We notice that if A is not commutative, then Lemma 4.1 is not true. The matrix -algebra
Mn(F) may be used as an example for this purpose.
Let J (A) denote the intersection of all the maximal -ideals of A. The following result char-
acterizes a unital commutative -algebra over F with a d-basis.
Theorem 4.2. Let A be a unital commutative -algebra over F with a d-basis D. Then A =
J (A) ⊕ H as a vector lattice, where H is a convex unital -subalgebra of A over F which is a
finite direct sum of unital commutative -algebras Hi with a d-basis Di in which each element
of Di is a unit in Hi .
Proof. By Lemma 3.3, there exist -ideals I1, . . . , Ik of A such that A = I1 ⊕ · · · ⊕ Ik and each
Ii is a unital -algebra over F with a d-basis Di in which the identity element of Ii is basic.
Therefore, by Theorem 3.2, each Ii = Mi ⊕ Hi , where Mi is the unique maximal -ideal of Ii
and Hi is the convex -subalgebra of Ii spanned by units in Di as a vector space over F .
Clearly, J (A) = M1 ⊕ · · · ⊕ Mk . Let H = H1 ⊕ · · · ⊕ Hk . Then A = J (A) ⊕ H as a vector
lattice. 
Let A be a unital commutative -algebra with a d-basis. Suppose that 1 is basic and each
element in D is a unit. From Lemma 2.11, for each d ∈ D, either dn = α1 for some 0 < α ∈ F
and n 1 or the set {dm | m 0} is disjoint. Now let
C =
{
a ∈ A ∣∣ a =∑αjxj , αj ∈ F, xj ∈ D and xnjj = βj1,
for some nj  1 and some βj > 0
}
.
Clearly, C is a convex -subalgebra of A. In the following we will give a characterization for C.
Let A be a unital -algebra over F with a d-basis D. Let K be a field extension of F in R.
Then tensor product K ⊗F A is an algebra over K with 1⊗D = {1⊗d | d ∈ D} as a vector space
basis over K . Define an element
∑
αi(1 ⊗ di), αi ∈ K , in K ⊗F A positive if each αi ∈ K+.
Then K ⊗F A becomes an -algebra over K with a d-basis 1 ⊗ D. In the following K ⊗F A
always denotes this -algebra.
Lemma 4.3. Let A be a unital commutative -algebra over F with a d-basis D. Suppose that 1
is basic and for each d ∈ D, there exist nd  1 and 0 < αd ∈ F such that dnd = αd1. Then there
exist a commutative torsion group G and a positive twisting function t such that A is isomorphic
to the -algebra F t [G].
Proof. By assumption, for each d ∈ D, dnd = αd1 for some nd  1 and 0 < αd ∈ F . As we
mentioned before nd  1 is the smallest exponent with this property. Let 0 < kd = nd√αd ∈ R,
and let K = F(kd | d ∈ D) ⊆ R be the field extension of F in R obtained by joining {kd | d ∈ D}
to F . Let K ⊗F A be the -algebra over K with the d-basis 1 ⊗ D = {1 ⊗ d | d ∈ D}. For each
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algebra K ⊗F A over K since G is obtained by replacing each 1 ⊗ d in 1 ⊗ D by k−1d (1 ⊗ d).
Now for each d¯ ∈ G, d¯nd = α−1d (1 ⊗ d)nd = α−1d αd1 = 1. Let a¯, b¯ ∈ G. Then a¯b¯ = βc¯ for some
0 < β ∈ K and c¯ ∈ G by Lemma 2.13. Let n = nanbnc. It follows from a¯n = 1, b¯n = 1, and
c¯n = 1 that βn = 1, so β = 1. Therefore a¯b¯ = c¯ ∈ G. Thus G is an abelian torsion group with
respect to the multiplication in K ⊗F A.
Let a¯ = k−1a (1 ⊗ a), b¯ = k−1b (1 ⊗ b) ∈ G. In the -algebra A over F , ab = αa,bc for some
0 < αa,b ∈ F and c ∈ D, again by Lemma 2.13. Define t :G × G → F \ {0} by t (a¯, b¯) = αa,b .
Clearly t (a¯, b¯) > 0, ∀a¯, b¯ ∈ G, and t (1¯, a¯) = t (a¯, 1¯) = 1, ∀a¯ ∈ G Let a¯, b¯, and e¯ ∈ G. Suppose
that
ab = αa,bc, ce = αc,ed,
be = αb,ef, af = αa,f d,
where c, d, f ∈ D. Since (ab)e = a(be), αa,b(ce) = αb,e(af ), and hence αa,bαc,ed = αb,eαa,f d .
Thus
αc,eαa,b = αa,f αb,e.
Since
t (a¯b¯, e¯) = αc,e, (a¯, b¯) = αa,b,
t (a¯, b¯e¯) = αa,f , t (b¯, e¯) = αb,e,
we have
t (a¯b¯, e¯)t (a¯, b¯) = t (a¯, b¯e¯)t (b¯, e¯).
It is also clear that for a¯, b¯ ∈ G, t (a¯, b¯) = t (b¯, a¯). Hence t is a positive twisting function.
Finally define mapping ϕ :A → F t [G] by, for any ∑αixi ∈ A, where αi ∈ F and xi ∈ D,
ϕ
(∑
αixi
)
=
∑
αix¯i ,
where x¯i ∈ G. It is clear that ϕ is an isomorphism between those two vector lattices over F . Now
if for a, b ∈ D, ab = αa,bc for some 0 < αa,b ∈ F and c ∈ D, then a¯b¯ = c¯ and t (a¯, b¯) = αa,b .
Thus
ϕ(ab) = αa,bc¯ = t (a¯, b¯)c¯ = a¯b¯ = ϕ(a)ϕ(b).
Thus, ϕ preserves the multiplication. Therefore, ϕ is an isomorphism between -algebras A and
F t [G]. 
We consider some special cases of the above result. The following corollary is a direct conse-
quence of Lemma 4.3.
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1 is basic and for each d ∈ D, there exist nd  1 and 0 < αd ∈ F such that dnd = αd1. If for
each d ∈ D, nd√αd ∈ F , then A is isomorphic to a group -algebra F [G] for some commutative
torsion group G.
Recall that an element a of an algebra A over F is called algebraic over F if there exists
a nonzero polynomial f (x) ∈ F [x] such that f (a) = 0. A is called algebraic over F if each
element in A is algebraic over F .
Corollary 4.5. Let A be a unital commutative -algebra over F with a d-basis D. Suppose that
1 is basic and for each d ∈ D, there exist nd  1 and 0 < αd ∈ F such that dnd = αd1. If the set
{ nd√αd | d ∈ D} ⊆ R is linearly independent over F , then A is an -field.
Proof. Let kd = nd√αd for each d ∈ D. Define a function f :A → R as follows. For ∑αidi ∈ A,
where αi ∈ F and di ∈ D,
f
(∑
αidi
)
=
∑
αikdi .
Clearly, f preserves addition and scalar multiplication. Since {kd | d ∈ D} ⊆ R is linearly inde-
pendent over F , f is one-to-one. We show that f also preserves multiplication. Let a, b ∈ D and
ab = αc for some 0 < α ∈ F and c ∈ D, and let n = nanbnc. Then we have
αnbnca α
nanc
b 1 = anbn = (ab)n = (αc)n = αnαnanbc 1.
Thus αnbnca αnancb = αnαnanbc , so (kakb)n = (αkc)n. Hence kakb = αkc. Therefore,
f (ab) = f (αc) = αkc = kakb = f (a)f (b).
So f is an embedding from algebra A over F to R. Then A is a domain. Since for each element
d ∈ D, dnd = αd1 for some nd  1 and 0 < αd ∈ F , each d ∈ D is algebraic over F . Thus A is
algebraic over F . Then A must be a field. 
The following result characterizes a unital commutative -algebra with a d-basis which is
algebraic over F .
Theorem 4.6. Let A be a unital commutative -algebra over F with a d-basis. If A is algebraic
over F , then A = N(A) ⊕ H , where H is a convex -subalgebra of A which is isomorphic to a
finite direct sum of F ti [Gi] for some commutative torsion groups Gi , and some positive twisting
functions ti .
Proof. By Lemma 3.3, there exist -ideals I1, . . . , Ik such that A = I1 ⊕ · · · ⊕ Ik , and each Ii is
a unital -algebra over F with a d-basis Di and the identity element ei of Ii is basic. Let e ∈ Di .
By Lemma 2.11, either e is nilpotent, or en = αei for some n  1 and 0 < α ∈ F , or the set
{em | m 0} is disjoint. Since e is algebraic over F , the set {em | m 0} cannot be disjoint. Thus
either e is nilpotent or en = αei . Let Mi be the unique maximal -ideal of Ii . By Lemma 3.1,
either Mi = {0}, or
Mi =
{
a ∈ Ii
∣∣ a =∑αjxj , αj ∈ F, xj ∈ Di and xj is nilpotent
}
.
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convex -subalgebra of Ii spanned by units in Di . By Lemma 4.3, Hi is isomorphic to F ti [Gi]
for some commutative torsion group Gi , and some twisting function ti .
Since each element in Mi is nilpotent, J (A) = M1 ⊕ · · · ⊕ Mk = N(A). Therefore A =
N(A)⊕H , where H = H1 ⊕ · · · ⊕Hk is isomorphic to F t1[G1] ⊕ · · · ⊕ F tk [Gk]. 
If F = R, then as an immediate consequence of Corollary 4.4 and Theorem 4.6 we have the
following result that generalizes [10, Theorem 3.8].
Corollary 4.7. Let A be a unital commutative -algebra over R with a d-basis. If A is algebraic
over R, then A = N(A) ⊕ H , where H is a convex -subalgebra of A which is isomorphic to a
finite direct sum of R[Gi] for some commutative torsion groups Gi .
For the rest of this section, we consider some other aspects of unital commutative -algebras
with a d-basis.
Let R be an -ring. Recall that a derivation on R is a function δ :R → R such that if a, b ∈ R,
then δ(a + b) = δ(a) + δ(b) and δ(ab) = aδ(b) + δ(a)b. A derivation is called positive if
δ(R+) ⊆ R+. In [4,6], it is shown that if δ is a positive derivation on an Archimedean f-ring R,
then δ(R) ⊆ N(R). This result holds for a unital commutative algebraic -algebra over F with a
d-basis.
Theorem 4.8. Let A be a unital commutative algebraic -algebra over F with a d-basis. Suppose
that δ is a positive derivation on A, then δ(A) ⊆ N(A) = {a ∈ A | |a| is nilpotent}.
Proof. We first notice that, from [11], δ is linear, that is, δ(αa) = αδ(a) for any α ∈ F and a ∈ A.
Let D be a d-basis of A over F . We may assume that 1 = e1 + · · · + ek for some distinct
e1, . . . , ek ∈ D. For each i = 1, . . . , k, define Di = {e ∈ D | eei = eie = e}. By Lemma 2.11 and
that A is algebraic over F , for each e ∈ Di , either e is nilpotent or en = αei for some integer
n 1 and 0 < α ∈ F . If e is nilpotent, then δ(e) is nilpotent [11].
Suppose that en = αei for some integer n  1 and 0 < α ∈ F . We show that in this case
δ(e) is also nilpotent. Since δ is positive and 0 = δ(1) = δ(e1) + · · · + δ(ek), each δ(ei) = 0
for i = 1, . . . , k. Thus δ(en) = δ(αei) = αδ(ei) = 0 since δ is linear. Since δ(en) = nen−1δ(e)
[7, Lemma 19.1], we have en−1δ(e) = 0. Therefore,
0 = δ(en−1δ(e))= en−1δ2(e)+ δ(en−1)δ(e),
and hence δ(en−1)δ(e) = 0 since each term in the above sum is positive. Then we have
(n−1)en−2(δ(e))2 = δ(en−1)δ(e) = 0, so en−2(δ(e))2 = 0. Repeat this procedure, we eventually
have that (δ(e))n = 0. Hence δ(e) is nilpotent.
Now since for each e ∈ D, 0 δ(e) is nilpotent, δ(e) ∈ N(A). Therefore, δ(A) ⊆ N(A) since
each element in A is a linear combination of elements in D. 
If A is not algebraic over F , Theorem 4.8 is not true. For example, the usual derivative on
polynomial -algebra R[x] is a nonzero positive derivation. The reader is refereed to [11] for
more information on positive derivations on general -rings.
In [8], D.G. Johnson developed a radical for the class of f-rings that is analogous to the Ja-
cobson radical for rings. In [17], S.A. Steinberg considered this radical for the class of -rings.
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R be an -ring (R may not be commutative, and may not have an identity element). A right
-ideal I of R is called modular if there exists e ∈ R such that ex − x ∈ I for all x ∈ R. An
element a of R is called right -quasi-regular if a is an element of the right -ideal generated
by (1 − a)R = {r − ar | r ∈ R}. R is called a right -quasi-regular -ring if each element of
R is right -quasi-regular, and the right -ideal I is a right -quasi-regular right -ideal of R if
each element in I is right -quasi-regular in R. An -ideal B of R is called (right) -primitive if
B = {x ∈ R | |a||x| ∈ I,∀a ∈ R} for some modular maximal right -ideal I . Let J (R) denote the
intersection of all of the -primitive -ideals of R. Then J (R) is the largest right -quasi-regular
-ideal of R. In case that R is unital and commutative, J (R) is just the intersection of all of the
maximal -ideals of R. It is shown that J (R) is a right -quasi-regular -ring when R is an f-ring
[8, Proposition 2.4, p. 179]. But J (R) is not a right -quasi-regular -ring for a general unital
commutative -ring R [17, Example 1].
Theorem 4.9. Let A be a unital commutative -algebra over F with a d-basis. Then J (A) is a
right -quasi-regular -ring.
Proof. Let D be a d-basis of A over F . First we suppose that 1 is basic. Let M be the unique
maximal -ideal of A. We may assume that M = {0}. By Lemma 3.1,
M =
{
a ∈ A ∣∣ a =∑αixi, αi ∈ F, xi ∈ D and xi is not a unit
}
.
Let a = ∑αixi ∈ M , where αi ∈ F , xi ∈ D and xi is not a unit. Then |a| = ∑ |αi |xi and
|1 − a| = |1 − ∑αixi | = 1 + ∑ |αi |xi since 1 ∧ xi = 0 for each xi . Thus |a|  |1 − a|, and
hence
|a|2  |1 − a||a|
= |1 − a|
(∑
|αi |xi
)
=
∑
|1 − a||αi |xi
=
∑∣∣(|αi |xi)− a(|αi |xi)∣∣,
since each |αi |xi is a d-element of A. Since each |αi |xi ∈ M , |a|2 is in the -ideal I of M
generated by (1 − a)M . Since |a2| |a|2, a2 is in I . But a − a2 is also in I , therefore, a ∈ I .
For the general case, by Lemma 3.3, A = I1 ⊕· · ·⊕Ik for some integer k > 1, where each Ij is
a unital commutative -algebra over F with a d-basis and the identity element is basic in Ij . Let
Mj be the unique maximal -ideal of Ij . Then J (A) = M1 ⊕ · · · ⊕Mk . Let a = a1 + · · · + ak ∈
J (A), where aj ∈ Mj for each j . From the above argument,
|aj |
nj∑
i=1
|yji − ajyji |,
where yji ∈ Mj . Therefore,
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
n1∑
i=1
|y1i − a1y1i | + · · · +
nk∑
i=1
|yki − akyki |
=
n1∑
i=1
|y1i − ay1i | + · · · +
nk∑
i=1
|yki − ayki |.
Thus a is in the -ideal of J (R) generated by (1 − a)J (R). 
A unital commutative -algebra with a d-basis may contain a nonzero positive idempotent
which is right -quasi-regular. For example, consider A = F [G], where G = 〈a〉 is a cyclic group
of order 2. Let e = 12 (1 + a). Then e > 0 and e2 = e. Since |1 − e| = | 12 − 12a| = 12 + 12a = e, e is
a right -quasi-regular element.
5. -Reduced -algebras with a d-basis
In this section we consider unital -reduced -algebras with a d-basis. The following result is
a direct consequence of Theorem 3.2 and Lemma 3.3.
Theorem 5.1. Let A be a unital -reduced -algebra over F with a d-basis D. Then A =
J (A) ⊕ H as a vector lattice, where H is a convex unital -subalgebra of A over F which
is a finite direct sum of unital -reduced -algebras Hi with a d-basis Di in which each element
of Di is a unit in Hi .
If we further suppose that A is finite-dimensional over F , then we can get a result similar to
Theorem 4.6. We first state a lemma.
Lemma 5.2. Let A be a unital -reduced -algebra over F with a d-basis in which 1 is basic.
If A is finite-dimensional over F , then A is isomorphic to F t [G] for some finite group G and
positive twisting function t .
Proof. Let D be a d-basis for A. Suppose e ∈ D. Since A is -reduced and finite-dimensional
over F , there exist ne  1 and 0 < αe ∈ F such that ene = αe1. We may assume that ne is the
smallest exponent with this property. Let 0 < kd = ne√αe ∈ R, and let K = F(ke | e ∈ D) ⊆ R be
the field extension of F in R. Then K ⊗F A is an -algebra over K with the d-basis 1 ⊗ D =
{1 ⊗ e | e ∈ D}. For each 1 ⊗ e ∈ 1 ⊗ D, let e¯ = k−1e (1 ⊗ e). Then e¯ne = 1. Let G = {e¯ | e ∈ D}.
Then G is a d-basis of K ⊗F A over K . If a¯, b¯ ∈ G, then, by Lemma 2.13, a¯b¯ = γ c¯ for some
0 < γ ∈ K and c¯ ∈ G. Since K⊗F A is finite-dimensional over K , K⊗F A may be considered as
a subalgebra of matrix algebra Mm(K), where m is the dimension of K ⊗F A over K , in which
the identity element of K ⊗F A is the identity matrix. Then a¯b¯ = γ c¯ implies det(a¯)det(b¯) =
γm det(c¯), where det(a¯), det(b¯), and det(c¯) are determinants of a¯, b¯, and c¯, respectively. Since
the values of a¯, b¯, and c¯ are 1 or −1, we have γm = 1, so γ = 1. Therefore, a¯b¯ = c¯ ∈ G. This
proves that G is a finite group.
Now let a¯, b¯ ∈ G. Then ab = αa,bc for some 0 < αa,b ∈ F and c ∈ D. Define t (a¯, b¯) = αa,b .
Then, by a similar proof to that in Lemma 4.3, t :G×G → F \ {0} is a positive twisting function
and A is isomorphic to F t [G]. 
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dimensional -algebras with a d-basis.
Theorem 5.3. Let A be a unital -reduced finite-dimensional -algebra over F with a d-basis.
Then A is isomorphic to a finite direct sum of F ti [Gi] for some finite groups Gi and positive
twisting functions ti .
If F = R, then, similar to Corollary 4.7, A is isomorphic to a finite direct sum of R[Gi], where
Gi is a finite group.
In [8], D.G. Johnson showed that the maximal -ideals and maximal left (right) -ideals of a
unital f-ring coincide. In [12], it has been shown that in an -unital -reduced -ring, maximal
-ideals and maximal left (right) -ideals are in one-to-one correspondence. The following result
shows that maximal -ideals and maximal left (right) -ideals in a unital -reduced -algebra
with a d-basis coincide.
Theorem 5.4. Let A be a unital -reduced -algebra with a d-basis. Then maximal -ideals and
maximal left (right) -ideals of A coincide.
Proof. By Lemma 3.3, there exist -ideals I1, . . . , Ik such that A = I1 ⊕ · · · ⊕ Ik and each Ij
is a unital -reduced -algebra over F with a d-basis and the identity element of Ij is a basic
element. By Lemma 3.1, each Ij has a unique maximal -ideal which is also the unique maximal
left (right) -ideal of Ij . Therefore, maximal -ideals and left (right) maximal -ideals of A
coincide. 
We note that if A is not -reduced, then Theorem 5.4 is not true. An example for this purpose
is, again, the matrix -algebra Mn(F) (n 2).
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